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JLKNM,OQPQRTSVUWYXZPY[]\_^`Pa(XZb_XcadM,OQPYX
egfZh]icPakjkfdOQh]fklmonpXqaZfr[ts
Uk[tuNuvhwfqakx_PfdPYyrKzPYfdyrKNP|{}w~zRY]Sw[]{@npP,fktwtSt	uN[]]PYX
`ŁY,z]]  PTXcad\Nx_b	n{QadKznXguN[]uvPYf2acﬃhyhwO	u)Padn{NJ(eyhw{z{zPYyaZnph]{NX+aZKN[taXZKN[tfdPk[yhwOQO	hw{
 htaZaZspP,{zPyrsnp{zB  KzPY{y,h]{zwPYXqaZnph]{h_y,y\NfdXY7h]{zPT h]f  h]aZKv¡yhw{z{zPy¢aZnph]{vX£npssXq\z¤)PYf[sphwXdX¥adKN[a=npss
yY[t\NXZPnadXadKzfdh]\zwKzuz\_akadh`x_PyfdPY[]XZP

b [0O\zsaZnpuzsny,[taZnp]P¦§[wy¢adh]fﬃJLKzPnpx_PY{@aZnacb-h]¦adKzPy,h]{z{NPYy¢adnhw{
adKN[aﬃnspsvXZ\_¤BP,fﬃ[sphwXdX2npXﬃx_P,aZP,fdOQn{NPYx

b	[fd[]{Nx_h]OQnp¨,Px©csphwXdX+XqaZfr[aZPY]bwªLaZKN[taO0[7bx_PYuvPY{Nx0hw{0aZKzP
adKzfdh]\zwKzuz\_arX2ht¦)aZKzP«yh]{N{zPYyaZnph]{NX2[ta2aZKzP(y,h]{zwPYXqaZnph]{	n{vXcar[t{@aY

P«[t{N[]sb¨,PXZP,wP,fr[ts_sphwXdX2Xcadfd[taZP,wnPX,¬
adKzPhw{zPnp{oKznyrK­aZKzPnpx_PY{@aZnacb h]¦2sh@XZXnX«n{NxzP,u)P,{Nx_PY{@a«ht¦=adKzPy,\zfZfdP,{@aadKzfZhw\z]KNuz\_a«[]{Nx­aZKNPh]{zP
np{®KNnpyrK¯adKzPQyh]{N{zPYyaZnph]{onaZK®aZKzP	sp[]fZwPYXqa(adKzfZhw\z]KNuz\_a«nX(aZh­Xq\_¤BP,f«aZKNPsphwXdX,°BadKznX«nXTyh]OQuN[]fZPx
naZKaZKNP	XqaZfr[adP,]b­adKN[a[]XdXZnw{NX(sphwXdXTuzfdh

[

nspnaZnpPYX«uzfZhwuvhwfqadnhw{N[tspspb-adh`adKzP	aZKzfdh]\N]Kzuz\zadXQ±adK@\vXT[
y,h]{z{NPYy¢adnhw{9naZK²[³s[tfd]PYfadKzfZhw\z]KNuz\_a´KN[wX0[s[tfd]PYfQsh@XZXQuzfdh

[

npsnacbz¡¢µjk¦±aZP,f-x_P,fdnnp{z¶XqhwOQP
fdPYXZ\zsadX«¦ h]fTadKzPQ]P,{NP,fr[ts=[]XZb@OQOQPadfZnyyY[]XZP]¥ﬃP¦ h_y,\NXTn{uN[tfZaZny\Nsp[]f«hw{®adKzP	XZbOQO	P,aZfdnpyQyY[]XZP[t{vx
XqaZ\vx_b³aZKzP­np{_·N\zPY{NyP­h]¦kaZKzP¯XqaZfr[adP,]b³hw{aZKNP [7wP,fr[t]P´aZKzfdh]\zwKzuz\_a0[t{vxI[7]PYfd[]]P´\zaZnpsnp¨Y[taZnph]{Ih]¦
adKzPspn{N)Lj(XaZKzPnp{@aZ\znaZnph]{oXd[7b_X,v[0Xcadfd[taZP,wb0aZKv[a«[wXZXZnw{NX[QsphwXdXLaZh´[0y,h]{z{zPy¢adnhw{ naZK[QKznwKzP,f
adKzfdh]\zwKzuz\_aLnpXﬃP,^u)PYyaZPx0aZh	]np]P«hwfdXZPku)P,fZ¦ h]fdO0[t{Ny,P«XZn{Ny,P(adKzPTaZh]ad[ts)np{NXcar[t{@ad[]{zP,hw\NXgaZKzfdh]\zwKzuz\_a
[t¦±aZPYf[­sh@XZXnpXP,^_uvPy¢aZPxaZh

P´sphPYfn¸adKXq\NyrK[¯XqaZfr[adP,wb]-¹\NfZuzfdnXqnp{z]spb]P´XZKzhºaZKN[taaZKNnpX
nXQ{zh]a	adKzPoy,[wXqPw

P¯XqKNhaZKv[aQaZKzPo[7wP,fr[twP0aZKzfdh]\N]Kzuz\za0[]{Nx»[7]P,fr[twP`spn{N\_aZnpspn¨[aZnph]{vX0[tfdP
¼±½v¾7¿tÀ¢¼§¿½vÁ
¬adKzP,b¯[]fZPaZKzP	XZ[]O	P\z{Nx_PYfT[]{b-u)hwXdXqn

spPXqaZfr[adP,]bB°vaZKzP	spn{z­\_adnspnp¨Y[adnhw{onXTÂÃ]Äh]¦+aZKzP
spnp{zyY[tuN[wynacb]

P(XZKzhtnp{´yhw{wadfd[wXca7aZKN[ta+aZKNPkXqPyh]{vxOQhwO	PY{@a+ht¦)aZKzPadKzfdh]\zwKzuz\_agx_hPX2x_P,u)P,{Nx
hw{`adKzPXqaZfr[aZPY]bw
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x_P,\z^z¡yhw{z{zPy¢aZnph]{§Xr¡¥P^_u)W,fdnOQPY{wadP,{@a\N{zPgu)P,fZaZPLx_PXZh]fZaZPw\NPgspP,\zf=x_W  n¸a2x_npO	np{\zPx \z{
¦§[wy¢adP,\zfO\zsaZnpuzspnpyY[aZn¦c[(y,h]{z{NPYy¢adnhw{@\znw[(fZPXZXZP,{@aZnpfs[u)P,fZaZPPYXqa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uNs\NXZnpP,\zfrXXqaZfr[adW,wnPXx_PTu)P,fZaZP]¬2\N{zP«u)h]\Nfﬃs[ﬁ@\zPYsspPTsPXuNfZh  [  npspn¸adWYXﬃx_P«u)P,fZaZPXZh]{@aﬃnp{Nx_WYuvPY{Nxz[]{wadPYX
xzPYXﬃx_W  nadX[]\_^0n{vXcar[t{@adXLx_PTyh]{N]PYXqaZnph]{`PaL\z{zPTuvhw\zfLsp[ﬂw\NP,spsP«sp[	yhw{z{zPYyaZnph]{`[7b@[t{@agspP«uNs\NXﬃwfd[]{Nx
xzW  na+P^_u)W,fdnOQP,{@adPadh]\ichw\zfrX=sp[u)P,fZaZPw°]P,spspPYX+XZh]{@a+yhwO	uv[tfdW,PYX=[7wPYysp[XqaZfr[adW,]npPﬃhﬁﬃ	sPX2uzfdh  [  nspnaZWYX
xzP	u)P,fZaZP0XZh]{@auzfZhwuvhwfqadnhw{z{zPYsspPYX[t\z^®x_W  nadX`§[tnp{NXZn=\z{zP´yhw{z{zPy¢aZnph]{[7]Py\z{³x_W  n¸auzsp\NXnpOQuvhwf 
ar[t{@aT[`\z{zP	uzfdh  [  nspnaZWuzsp\NXTnpO	u)h]fZad[]{@aZPx P,^u)W,fdnpO	PY{@aZP,f«\z{zP	uvPYfqadP¡j(uzfdMYXT[7]h]npfkh  aZPY{@\x_PYX
fdWYXZ\zsad[tadX(xN[t{NX«sPQy,[wX([wXZXZbO	W,aZfdn!@\zP]W,{NW,fr[ts×v{zhw\NX«{zh]\NXTyhw{NyPY{@aZfdh]{NX«Xq\zfTspPy,[wX«XZbOQWaZfdn"w\NPPa
W,aZ\Nxznhw{NX+s# np{_·N\NP,{Ny,P«x_P«sp[Xcadfd[taZW,wnPkXZ\zfsPTx_W  naOQhbwP,{0Paﬃs$ \_adnspnpXd[adnhw{0OQhb]P,{N{zP(x_\´spnpP,{£+¹PYshw{
s# n{@aZ\Nn¸adnhw{£2\z{zP­Xcadfd[taZWY]npP%@\znﬃ[wXZXZh_ynpP´\z{zP uzfdh  [  npsnaZW`xzP-u)P,fZaZP-uzs\vX¦ hwfqadP&o\N{zP y,h]{z{NPYy¢adnhw{
[7wPYy0\N{Iuzsp\NXKN[t\_a0x_W  n¸a0x_PY@fr[tna	xzh]{z{zPYf	xzP`uzsp\NX	O0[t\z[tnXZPYXu)P,fZ¦ h]fdO0[t{Ny,PYXuz\znX'@\zP sP x_W  n¸a
adhtar[ts)n{NXqad[]{@ad[t{NW«[tuNfZMXg\z{NP(u)P,fZaZPx_h]na(,aZfdP(uzsp\NXﬃu)PaZnak[7]Py\z{zP«aZPYsspPTXqaZfr[adW,wnPw)2adh]{z{v[tOQOQP,{@aY
{Nh]\NXOQh]{@adfZhw{NX*w\NP´yPQ{ PYXqauN[]XspP0y,[]XY

hw\NXOQh]{@aZfdh]{NX+@\zPQspP´x_W

n¸aOQhb]PY{®P,as$ \_aZnpspnpXd[adnhw{
OQhbwP,{z{zPx_\­spnPY{ XZh]{@a
¼±½N¾¿À¢¼§¿t½NÁ-,/.
¬+PYsspPYXXZh]{@anpxzP,{@aZn"@\zPYX0@\zPYsspP+w\NPXZh]nasp[QXqaZfr[adW,]npPx_PuvPYfqadP]°
spPar[t\_^¯x1 \_aZnpsnXd[aZnph]{oxz\¯snpP,{¯PXca«[]shwfdXÂÃ]Ä	x_Psp[´yY[tuN[wynaZWx_\¯spnpP,{£

hw\NXkOQhw{wadfZhw{NXuN[]f(yhw{@aZfdP
@\zPspPXqPyhw{Nx`OQhwO	PY{@axz\­xzW

na(x_W,u)P,{vx xzPsp[QXqaZfr[aZWY]npP]
2Ê

È
ﬁ3


J(eB[tsp]hwfZnaZKNO	Px_PX([wy,yfdh]nXdXqPYO	PY{@adXL[]xzxzn¸adn¸¦§X(Pa«x_Psp[´xzWYyfdh]nXdXZ[]{NyPTO\zsaZnpuzspnpyY[4
adnwP]_W5w\Nn¸adW]_ar[tfdn76vyY[adnhw{
 
. .vÁ×ÀZ¿tÁ ,]¼ ,/.

À
	

,Á×¼±½		

½v½ ,ﬀ,Á5¼

½ .

ﬁ
')
=  -*g
JLKNP	O0[taZKzPYOQ[taZny,[]s+[t{N[]sb_XZnpXTht¦aZKzP0u)P,fZ¦ h]fdO0[t{Ny,Ph]¦ﬃJ(e KN[wX  P,PY{¶[-O0[tich]ffZPXqP[tfryrK®[tfdPY[-np{
{NPacﬃh]fd@np{zvﬃﬂ(n¤BP,fdP,{@a«acbu)PYX«ht¦g[]uzuzfdhw[]yrKNPYXKN[7wP  P,P,{Xq\N]]PXcadPYx¯[]{Nx¯[tspnpxN[aZPx¥ «{¯aZKzPh]{zP
Kv[t{Nx¥waZKNP,fdPkKN[7]P  P,PY{´OQh_x_P,sX+¦ h_y,\NXqnp{zhw{´[XZn{zwsP«yh]{N{zPYyaZnph]{QaZKv[agnXXZ\  icPy¢a+adhXZh]OQPkP,^hw]P 
{Nh]\NXLsphwXdXLuzfdhy,PYXdX KznyrK¯x_hPYXL{zh]a(x_P,u)P,{vx-hw{ aZKN[ta(yh]{N{zPYyaZnph]{v¡zXqPYPP] N"!pR]R$#Ñ+JLKznXk[tuzuNfZh@[]yrK
nX[tuNuvP[tspn{z	KzPY{-adKzP,fdPnpX[	s[tfd]P[tOQh]\N{waLht¦aZfr[&%´ytzXZh	aZKN[taPy,[]{-{NP,]spPYyaLaZKzPP,¤)Py¢aht¦aZKzP
XZnp{z]spP´yhw{z{zPYyaZnph]{³h]{³PY]P,{@arXaZKN[tay,[]\NXZP	sphwXdXZPYXY-jk{[]s¸adP,fd{N[adnwP0[tuzuzfdhw[wyrKnX{zPyPXZXd[tfdboKzPY{
adKzPTn{Nxzh²n{Ny,fZP[]XZP(h]¦[y,h]{z{zPy¢adnhw{´npXﬃnadXZP,s¦[	yP,{@adfd[]s)yY[t\NXZPk¦ hwfsphwXdXqPX,=JLKznXﬃhyYy\zfrXgacb@uNnpyY[tspsb
KNP,{o[0XZOQ[]ss{\zO  P,fkh]¦+yh]{N{zPYyaZnph]{NXky,h]OQu)PaZPh]P,f  [t{NxznpxadK£vXd[7b])[a([  htaZaZspP,{zPyr-spnp{zBLj
O0[]n{oO0[taZKzPYOQ[taZny,[]s[tuNuzfZh@[]yrK ¦ h]fTXcad\Nx_bnp{z´adKznpXTXZn¸ad\N[adnhw{¯KN[]X  PYP,{¯adh-XqaZ\Nxzb­XZP,wP,fr[tsy,h]{z{NPYy/
adnhw{NX(XZKN[]fZnp{z`[  htaZaZspP,{zPyrBB[]{Nx aZKNP,{®O0[]]PadKzPXZnOQuzspn¦ b@np{z []XdXq\zOQu_adnhw{­aZKN[taT[]ss=yhw{z{zPYyaZnph]{NX
fdPYxz\NyPTaZKNP,npfn{NxzhkXﬃXZnpO\zsad[]{zP,hw\NXqspb´\zu)h]{­yhw{z]PXcadnhw{'!øÄ¥R_£R$#Ñ  n¸adK­aZKznX[tuNuzfZh@[]yrK£nakKN[]X
 P,PY{	XZKzh{(!R&#_aZKv[a=aZKzPﬃadKzfZhw\z]KNuz\_a+[]yrKznpP,wPYx  b[«J(e¶yhw{z{zPy¢aZnph]{npX=np{]PYfdXZP,spbuzfdh]u)h]fZaZnph]{N[]s
adh
RTT α
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KNnpyrK  PYyhwOQPYX2yhwOQuz\zsXqhwfZbnp{0[yh]{N]PYXqaZPx{NPacﬃh]fdn¸adK07[]fZnph]\vX «h¹fdP@\znpfdP,OQP,{@adXYJhO0[twP
XZ\zfdP+adKN[a\NXqPYfdXx_h«{zhta=[tspﬃ[7b_XyrKNh@h@XqP+aZKzP  PXca «h@¹B7[kuNfZnynp{z«XdyrKzPYO	PKN[]X£aZh  Pﬃ[]XdXqh_y,np[taZPYxnaZK
adKzPsphwXdXLuzfZh  [  nspn¸acb´yrKNh]nyP] /Nh]fkXZ\zfd]P,b_Xﬃh]{­uzfdnynp{z0XZyrKzPYOQPYXLnp{-adP,spPYy,h]OQO\z{NnpyY[aZnph]{ {zP,achwfZ_XY
adKzPfdPY[]xzP,fy,[]{ XZP,PP] N"! _z£R4#Ñ
/Nh]fnp{NXcar[t{Ny,PPyY[t{­[]XdXq\zOQPTaZKv[akPY[wyrK-XZPYXdXqnph]{-aZfdnpPYXﬃaZhQhwu_aZnpOQn¨YPn¸arX\_aZnpspn¸acb
U (i)(u) = Y¯ (i) − qu
KNP,fdP
• u nXXqPXZXZnhw{ i  X«nspspn{zw{zPYXdX(aZh`uv[7b³ aZKN[taTnpsps=[wy¢ad\N[tspsb  P	yrKN[]fZwPYxN¡vnaZKh]u_adnO0[]s[tsp\zP
u(i)
NXZh	aZKN[ta(XqPXZXZnph]{
i
sh@XZXﬃuzfdh

[

npsnacb´nXL]np]PY{

b
p(i) = f (i)(u(1), · · · , u(N))
Xq\vyrKoaZKv[a
∑N
i=1 f
(i)(u(1), · · · , u(N)) ≥ 1.  P«ic\NXqaTKN[7wPadh`O0[twPXZ\zfZPaZKN[ta[ta«spPY[wXcaTh]{zP
sh@XZXTnXP^_u)P,fdnPY{NyPxI OQP[t{znp{z-aZKN[taTadKzPQfd[]{Nx_hwO 7[]fZn[

sPX«x_PXZy,fZn

np{z`KNPaZKNP,f[ XqPXZXZnhw{
P^_u)P,fdnPY{NyPX[sphwXdX[tfdPyhwfZfdP,s[adPYxN¡0/Nh]fnp{NXcar[t{Ny,P]_ﬃPy,[t{­yrKzhhwXZP
p(i) =
(
u(i)
)−1
∑N
j=1
(
u(j)
)−1 ,
OQPY[t{Nn{zkaZKN[taaZKNPgsphwXdX£uzfdh

[

npsnacb(¦ hwfXZPYXdXqnph]{
i
nX£np{@wP,frXqPYsb«uzfdh]u)h]fZaZnph]{N[]saZh«n¸arXnpsspnp{z]{zPXZX
aZh0uN[7b-[t{Nx`aZKN[takP^z[]yaZspb´h]{NPXZPYXdXZnhw{`npssXZ\_¤BP,fL¦ fdh]O[sphwXdXL[akP[]yrK­yh]{N]PYXqaZnph]{-P,u)h_yrK£
• q nX+[yhw{NXcar[t{@a=fZPYuzfZPXqPY{@aZnp{z(adKzPfdP,s[aZnp]PLﬃP,np]K@a  P,acPYP,{aZKzPkyrKv[tfd]PL[t{NxaZKzPLadKzfdh]\zwKzuz\_a
±adKN[aknXﬀ6z^_PYx

b´adKzP{zPacﬃh]fd0O0[t{N[]]PYfYnp{ hwfdxzP,fﬃaZhQO0[^_npO	np¨,PTadKzP{zPacﬃh]fd0fdP,]PY{\zP¡
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JLKNP]h@[ts¥ht¦=adKznpX«Xq\

XqPy¢adnhw{ nXLadh`x_P,fdnp]PaZKNP[7]PYfd[]]P«aZKzfdh]\zwKzuz\_akh]¦+[0XqPXZXZnhw{­n{­adP,fdOQXkht¦=aZKzP
sphwXdXﬃuzfdh

[

nspnaZnpPYXLKzPY{-adKzP{\zO

P,fh]¦=XZPYXdXZnhw{NXﬃnpX
N = 2

ááú@%,qé¢é
Â   >
Á

¿½
  >
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¼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
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

9
½
/npfdXqaY¥\NXZnp{z w\v[aZnph]{»5w¡¢£ﬃPwPaTaZKzP	aZnpOQP  P,acPYP,{oadKzP
n
5adK[]{Nx
(n + 1)
×aZKyh]{N]PYXqaZnph]{
PYuvh_yrKNX
τn+1 =
C −∑Ni=1 γ(i)n Y (i)n∑N
i=1 ηi
.
§w¡
>«Xqnp{z­adKznpXfZPYsp[taZnph]{³ﬃP´[tfdP´[  spPQaZh®xzP,fdnwPQ[®ysphwXZPYx ×¦ h]fdOht¦ﬃaZKNP`[7]PYfd[]]PaZKzfdh]\zwKzuz\_a
Y¯ (1)
h]¦
XZPYXdXZnhw{¯R]=JLKzPT[7wP,fr[twPadKzfdh]\zwKzuz\_a
Y¯ (2)
ht¦XZPYXdXqnph]{`y,[]{  P«h  ar[tnp{zPYx´n{`aZKzPTXZ[]O	P«ﬃ[7b­ hwf  b
XZnadyrKznp{z	aZKzPnp{Nx_P,^_PYXR[t{Nx¯np{-adKzP¦ h]spsphn{z¦ h]fdO\Nsp[@¡¢
  ÊgÊ § Ê
	 
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9 
,Áz¿tÁ
N = 2

? ,ﬂ,½

Á-,
p(12) = IE(a(1)a(2))
 ,

:,Áý¿¼±½
Y¯ (1) = 12
((C2η1 2(1−β(2))2p(2)(
η1+η2
)2 + 2 C2η1 2p(2) (1− β(2))×
((
1 − β(2)
)
p
(2) −
η1
(
1−β(2)
)2
p(2)
η1 +η2
−
η2
(
1−β(1)
)(
1−β(2)
)
p(12)
η1 +η2
)
((
1 − β(2)
)
η1 p
(2) +
(
1− β(1)
)
η2 p
(1)
)
−1(
η1 + η2
)
−1)
( η1 (1−β(2))2p(2)
η1 +η2
−
(
1 +
η2
η1 +η2
)(
1− β(1)
)2
p
(1) + 2
η2
(
1−β(1)
)(
1−β(2)
)
p(12)
η1 +η2
− 2
(
1− β(2)
)
p
(2)
+2
(
1− β(1)
)
p
(1)
)(
2
(
1−β(1)
)
η2 p
(1)
η1 +η2
+ 2
(
1−β(2)
)
η1 p
(2)
η1 +η2
−
η1
2
(
1−β(1)
)2
p(1)(
η1 +η2
)2 − η2 2
(
1−β(2)
)2
p(2)(
η1+η2
)2
−2
η1
(
1−β(1)
)
p(1) η2
(
1−β(2)
)
p(12)(
η1+η2
)2 )−1 + C2η1 p(2) (1− β(2))(2(1− β(2))p(2) − 2 η1
(
1−β(2)
)2
p(2)
η1+η2
−2
η2
(
1−β(1)
)(
1−β(2)
)
p(12)
η1+η2
)((
1− β(2)
)
η1 p
(2) +
(
1 − β(1)
)
η2 p
(1)
)
−1
+
C2η1
(
1−β(2)
)2
p(2)
η1 +η2
)
(
η1 p
(2) + η2 p
(1) − β(2) η1 p
(2) − β(1) η2 p
(1)
)(
η1 + η2
)
−1
C−1
(
1− β(1)
)
−1(
1− β(2)
)
−1
p
(1)−1
p
(2)−1
JLKzPuNfZhht¦ht¦aZKznXL¦ h]fdO\Nsp[	nXLuzfZhnx_PYx-np{­j(uzu)P,{Nx_n^ j

Ê

Ê
3$3§_
Ç	
)Á5¼
> >
¿4. .
9 
¼±½
N = 2
+Á ,+.
,
,Á×À¢¼?*d¿4. ,¼ ,
>
4.
Y¯ (1) = C/4
(
2 p(1) − p(12) + p(12) β(1)
)(
p
(12) β(1) p(1) + 2 p(1) + 2 p(1) β(1) − p(1) p(12) + p(12) − p(12) β(1)
)
p(1)
2
(
3 + β(1) − p(12) + p(12) β(1)
) .
ﬀ
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ic\vXcakfdP,uzs[]y,P
η2
 b
η1

β(2)
 b
β(1)
[t{vx
p(2)
 b
p(1)
n{­e+fdh]u)hwXZnaZnph]{R]
   $'; < "( 1
 3ﬀ
- "67&)&%<

6
$8( "( 3 ("- &
JLKNP«uzfdP,nph]\NXﬃP,^uNfZPXZXZnhw{NX+h]¦adKzP[7]P,fr[twPLaZKzfdh]\N]Kzuz\zaL[]fZPT]PY{zP,fr[ts)n{-aZKNPTXZP,{NXZP«aZKN[taL{Nh	XZuvPyn[ts
Xd[tOQuzspnp{zXqaZfd\Ny¢ad\zfZP(KN[]X  PYP,{`\vXqPxQ¦ h]fgaZKzP«sh@XZXZPYXY+ý{´aZKznXXZPYyaZnph]{£@ﬃP([tnpO [aﬃXqaZ\vx_bn{zKzh aZKzP
sphwXdXZPYXLy,[]{  PXZ[]OQuzsPx-[]{Nx Kzh naknpO	uv[]y¢arXLh]{ aZKNP[7wP,fr[twPkaZKNfZhw\z]KzuN\_aL¦ h]fdO\zs[z

		
	   Ë Æ gÆ  Ë Æ  0Y   3  
j«Xn{(! ~&#×ﬃPﬃyY[t{[wXZXZ\zOQPaZKN[taadKzP
a
(i)
n
[]fZPﬃ[a6NfrXca]P,{NP,fr[aZPxnp{Nx_P,u)P,{vx_P,{@aZspb]wXq\NyrKaZKN[ta
IP[a
(i)
n =
1] = pi(i)
)n¸adK
pi(i)
]np]P,{  \_akadKN[a«aZKzPXZ[]O	uNsPXk[tfdPfZPXcadfZny¢adPYx-aZh´aZKzPxzh]O0[tnp{­KzP,fdP[akspPY[wXca
hw{zPsh@XZXLnXLP^_u)P,fdnPY{NyPx¥+JLKznXLfZP5@\znfdPYXL[Qx_PYfZnp[aZnph]{ ht¦
pi(i)
np{ aZPYfZO0XLht¦aZKNP
p(j)

j«XZXZ\zOQn{N
N = 2
_ﬃPKN[7]P[]XLnp{! ~4#
{
p(1) = pi
(1)
1−(1−pi(1))(1−pi(2))
p(2) = pi
(2)
1−(1−pi(1))(1−pi(2))
KNP,fdP
pi(i)
npX(¦ h]f(aZKzP	sphwXdXkuzfdh

[

npsnacb`¦ hwf(\NXZP,f
i
BXd[tOQuzspPYx­np{Nx_PYuvPY{Nx_PY{wadsbw

\_aTfZPx_\NyPx­aZh`aZKzP
xzh]O0[tnp{ XZ\NyrK-aZKN[ta([	sh@XZXLnX[]yaZ\N[]sspb´P^_u)P,fdnPY{NyPx¥+JLKznXL]np]PX
{
pi(1) = p(1)(pi(1) + pi(2) − pi(1)pi(2))
pi(2) = p(2)(pi(1) + pi(2) − pi(1)pi(2))

Ph

ad[tnp{-aZKzPfdP,s[adnhw{
pi(1) =
p(1)
p(2)
pi(2).
KNnpyrK ]np]PX§[]XdXZ\zOQn{z
pi(2) > 0
¡
pi(2) =
p(1) + p(2) − 1
p(1)
[]{Nx`aZKzPY{
pi(1) =
p(1) + p(2) − 1
p(2)
.
JLKzPY{´[t{´[wXZXZ\zOQu_aZnph]{
p(1) +p(2) = 1
y,[]{	{Nhta

Pk\NXZPYx¥=jksXZhN]naXZP,PYOQXx_n %0y,\zsa+aZhO0[]]PkXZ\zfZP
adKN[a
pi(1) ≤ 1 [t{vx pi(2) ≤ 1 ¦ hwfPY]P,fdb	uN[tnpf (p(1), p(2)) +JLK\NXgaZKznXXd[tOQuzspnp{zuzfdh_yPx_\zfdP(x_hPYX{zhta
ﬃh]fd0np{-¦ \Nss£wP,{zPYfd[]snacb]
ááú@%,qé¢é
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Á
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JLKNPXZnpO	uNsPXcakL[7bQaZh´Xd[tOQuzspPnpX  b`\vXqnp{z	aZKzPfdP,s[adnhw{
a(2)n = 1− a(1)n
naZK
a
(1)
n
1ﬃP,fd{zh]\Nsspnfr[t{Nxzh]O []fZn[  spPXZ\NyrK­aZKv[a
IP[a
(1)
n = 1] = p(1).
JLKNnpX«OQPY[t{vXaZKv[a«[ta«PY[wyrK
y,h]{zwPYXqaZnph]{­P,u)h_yrK£)h]{zP[]{Nx¯hw{zsb h]{NPXqPXZXZnph]{­nsps=XqPYP[´x_PyfdPY[]XZPht¦+nadX(aZKNfZhw\z]KzuN\_aY «{zPﬃ[7b
adhI[]yrKNnPY]P¯na-ﬃh]\zsx  P®¦ h]f-n{NXqad[]{NyPoaZhIy,h]{NXZnpxzP,f ∀i ∈ {1, 2}  p(i) = (u(i))−1
(u(1))−1+(u(2))−1
§XZP,P
¹_PYy¢adnhw{­z w¡¢
 PaZKzPY{­KN[7]P
p(2) = 1− p(1)
p(12) = 0.
 PaZKzPY{­]Pa
Y¯ (1) = 1/2
((
C2η1
2
(
1−β(2)
)2(
1−p(1)
)
(η1+η2 )
2 + 2 C
2η1
2
(
1− p(1)
)2 (
1− β(2)
)2(
1−
η1
(
1−β(2)
)
η1 +η2
)
((
1 − β(2)
)
η1
(
1− p(1)
)
+
(
1 − β(1)
)
η2 p
(1)
)
−1
(η1 + η2 )
−1
)
(
η1
(
1−β(2)
)2(
1−p(1)
)
η1 +η2
−
(
1 +
η2
η1+η2
)(
1− β(1)
)2
p
(1) − 2
(
1 − β(2)
)(
1− p(1)
)
+ 2
(
1− β(1)
)
p
(1)
)
(
2
(
1−β(1)
)
η2 p
(1)
η1+η2
+ 2
(
1−β(2)
)
η1
(
1−p(1)
)
η1+η2
−
η1
2
(
1−β(1)
)2
p(1)
(η1 +η2 )
2 −
η2
2
(
1−β(2)
)2(
1−p(1)
)
(η1+η2 )
2
)
−1
+2C2η1
(
1− p(1)
)2 (
1− β(2)
)2(
1−
η1
(
1−β(2)
)
η1 +η2
)((
1 − β(2)
)
η1
(
1− p(1)
)
+
(
1− β(1)
)
η2p
(1)
)
−1
+
C2η1
(
1−β(2)
)2(
1−p(1)
)
η1+η2
)
(
(1 − β(2))η1
(
1− p(1)
)
+ (1− β(1))η2p
(1)
)
(η1 + η2 )
−1 C−1
(
1 − β(1)
)
−1 (
1− β(2)
)
−1
p
(1)−1
(
1− p(1)
)
−1
.
JLKzPXZbOQO	P,aZfdnpyyY[]XZPQ§n¸adK
p(1) = p(2) = 1/2
[]{Nx
β(2) = β(1)
¡bnpP,sxzX
Y¯ (1) =
(
1 + β(1 )
)
C
3 + β(1 )
.
+Ñ¦
β(1) = 1/2
Ph

ad[]n{
Y¯ (1) = 37C
zspnp]Pn{! #¥¦ hwfLaZKzPuzfdh]u)h]fZaZnph]{v[tsBsh@XZXXqaZfr[adP,wb]
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Pag\vX+sph@hw	[ta+aZKNP(y,[wXqPkKNP,fdPLaZKzPTXqPXZXZnhw{	aZKN[tagnpXguvPY{N[tspnp¨,PYxQnXﬃXqb_XqaZP,O0[taZny,[tspspbaZKNPkh]{zP(n¸adK0aZKzP
s[tfd]PXca(aZKzfdh]\zwKzuz\_a

PQy,[tspsaZKznXkadKzP© [tfd]PYXqa(JLKzfdh]\zwKzuz\_a*£h@XZXcª` _J0¡«XqaZfr[aZPY]bwh]{vXqnx_P,f
adKzP
n
5adK»y,h]{zwPYXqaZnph]{PYuvh_yrK£n¸adKIadKzfdh]\zwKzuz\_arX
Y
(1)
n
[t{vx
Y
(2)
n
Xq\NyrK9aZKv[a
Y
(1)
n + Y
(2)
n = C


naZKNh]\_aksphwXdXLht¦]P,{NP,fr[tspn¸acbw[wXZXZ\zOQP
Y
(1)
n > Y
(2)
n
[t{Nx-adKN[aLaZKNP[]xzx_naZnp]Pnp{Ny,fZP[]XZP«nXR]
ß àá£ß±Ù
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 P	npx_PY{@aZn¦ b­[`uvPYfZnph_x_nyXZh]sp\_aZnph]{¯¦ hwf(adKzP	P,]hws\zaZnph]{¯ht¦gaZKzP	Xqb_XqaZP,O­ +ý{oadKznpX«fdP,]npOQP]BﬃP[]XdXZ\zOQP
§n¸adKzh]\za sphwXdX`h]¦]PY{zP,fr[tspn¸acbz¡0aZKN[ta­[ta`aZnpOQP
n
Tyhw{z{zPYyaZnph]{ RKN[]X­[Isp[]fZwP,f0adKzfZhw\z]KNuz\_a aZKN[]{
y,h]{z{NPYy¢adnhw{­z  PXZP,PY´¦ hwfk[fdP,wnOQPnp{¯KznpyrK­[aadnOQP
n + 1
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npfdfZPY]\zs[tf`[]{Nx ¦ fr[]yad[ts×k[t{vx²sh_yY[tspsb9aZKzPYfZP[tfdPoO0[t{b uvhwn{@arX`KzPYfZPoaZKzPh]uzu)hwXZnaZP

P,KN[7nph]f-npX
h

XZP,fd]PYx£¬np{NyfdPY[wXqnp{z®U=JJ#h]¦«[®y,h]{z{zPy¢adnhw{¶fZPXq\zsadXnp{n{vyfdPY[]XZnp{zonadXaZKzfdh]\N]Kzuz\zaYJLKNnpX	y,[]{
u)P,fdKN[]uNX

PTP^_uzs[tnp{zPYx`n{ uN[]fqa

b´yrKN[t{zwPYXn{`aZKzPu)P,fdnh_x_nynacb0ht¦aZKzPXqaZPY[wx_b´Xqad[adP

P,Kv[7@nph]fL[t{vx
np{¯htadKzP,fTx_nXZy,fZP,aZP{N[taZ\zfdP

P,KN[7nph]fﬃJLKzP[t{N[]sb_XZnpXh]¦=aZKznXkuzKNP,{zhwO	PY{zh]{¯nX

P,bwh]{Nx adKzPXdyhwuvPh]¦
adKznX=uN[tu)P,f

P{zhtadPgadKN[a+h]aZKzPYf¦ fd[wy¢ad[]s_[]XZuvPy¢adXh]¦)j+cm'ﬂµyhw{z{zPYyaZnph]{NXnp{{NPacﬃh]fdXnaZK0XqPY]PYfd[]s
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/np]\zfdPRw¬JLKNP«fr[adnh
Y¯1/Y¯2
[wX[¦ \z{Ny¢adnhw{-h]¦¥aZKzPfr[adnh
R(2)/R(1)
¦ h]faZKNPy,h]{NXqad[]{@agsh@XZXﬃXqaZfr[aZPY]b
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/np]\zfdPTz¬JLKNP(fr[aZnphnp{0adKzfZhw\z]KNuz\_aﬃ[wX[¦ \z{NyaZnph]{`h]¦£aZKNP(fr[aZnphh]¦
RTT−1
¦ hwfgadKzP*_J0®XqaZfr[aZPY]b
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{NhxzPYX+Kv[7]Pk[tspfdPY[]xzb  PYP,{´fdP,u)h]fZaZPx	n{ ! Â&#Ñ  P06v{N[tspsb	h  XqPYfZwPadKN[aL[]X=adKzP«U=JJ»ht¦£[y,h]{z{NPYy¢adnhw{
 PYy,h]OQPYX«{zPY]spnwn  spPnaZKfZPXqu)PYya(adh`adKzPh]aZKzPYfYBnadXXZKN[tfdPht¦gaZKzPaZKzfdh]\N]Kzuz\zaTyhw{]P,fd]PXLaZh­~wÃ
h]¦adKzPaZKzfdh]\N]Kzuz\zakht¦adKzPhtadKzP,fky,h]{z{NPYy¢adnhw{£z[]XLuNfZPx_npyaZPx`np{o¹PYyaZnph]{¯z z

   67;=<
$
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 P 6NfrXcah  XqPYfZwPadKN[aadKzP	aZKzfdh]\zwKzuz\_aXZKN[tfdnp{z-np{aZKzP _J0 XqaZfr[aZPY]b¯nXO\vyrKOQh]fdP¦§[tnpfaZKN[]{
np{¶adKzP`uzfdh  [  npsnXqaZny´XqKv[tfdn{zv¬nanXO\NyrK¶spPYXdXXZP,{vXqn  spP0aZh®aZKzP x_n¸¤BP,fdP,{vyPYXn{9UJJ +ý{NxzP,PYx£=[
y,h]{z{NPYy¢adnhw{InaZK²®aZnpO	PX0XqO0[]sspP,f0U=JJwPadXQhw{zspb²R]ñ_R-aZnpO	PXQOQh]fdP`adKzfZhw\z]KNuz\_a0n{9aZKNP _J0
XqaZfr[adP,wb]NKNP,fdPY[]Xkn¸aT]ParX(ÂQadnOQPX(OQh]fdPadKzfZhw\z]KNuz\_a(np{¯aZKNPy,[wXqPht¦=aZKzP	yhw{NXcar[t{@a(uzfdh  [  npsnaZnpPYX
XqaZfr[adP,wb]
JLKzPg¦§[tnpfZ{NPYXdX  P,KN[7nph]f£h]¦@adKzPguNfZhwuvhwfqadnhw{N[ts]xzfZhwuXcadfd[taZP,wb(KN[wX[]sfdPY[wx_b«[]uzuvP[tfdPYxnp{
! 5#×KNP,fdP
adKzPy,h]{z{NPYy¢adnhw{¯n¸adK®QadnOQPYXTXZOQ[]sspP,fTU=JJ ]ParX«zñÄ]~aZnpO	PX(OQhwfZPadKzfdh]\zwKzuz\_aTh]OQuN[]fZnp{zQaZh
adKzPYXZPﬃfZPXq\zsadXﬃPﬃXZP,PaZKv[aY]n{aZPYfZO0Xht¦z¦§[]nfd{zPXZXY7aZKzPﬀ_J0­Xcadfd[taZPY]b]np]PX£adKzP  PXca=fZPXq\Ns¸arXKNP,fdPY[]X
adKzPﬃh]frXqPTuvPYfq¦ hwfZO0[]{NyPTnpXkuzfZhnx_PYx  b0aZKzP*6N^Px sh@XZXLuzfdh  [  npsnaZnpPYXLXqaZfr[adP,]bw
JLKzP  PYKN[7nhwfkht¦=adKzPadKzfZhw\z]KNuz\_a«[wXLaZKzPfd[taZnph0ht¦
RTT
]hPYXLadh`¨YP,fdh0npX(n{ouv[tfZaZny\zs[tfknp{@aZPYf 
PXcadn{NN2JLKzP«aZKzfdh]\zwKzuz\_ah]¦£aZKzPsph]{zQyhw{z{zPy¢aZnph]{ [t{Nx`n¸arXXqKv[tfdP(ht¦aZKzP«aZKNfZhw\z]KzuN\_aLaZP,{vx´adh¨YP,fdh
np{0adKzPTy,h]{NXqad[]{@agsh@XZXﬃXqaZfr[aZPY]bww[]XﬃP,sps)[wX+naZK´adKzPTuzfZhwuvhwfqadnhw{N[tsvXcadfd[taZP,wb(! Nz¹PytgÄ5&#Ñ]KNP,fdPY[]X
naaZPY{NxzXLadh0[u)hwXZnaZnp]Pyhw{NXcar[t{@a\z{Nx_PYfLaZKzP_J0¶XqaZfr[adP,wb]

htaZP	adKN[aTaZKzP	¦§[wy¢aTaZKN[taﬃP	h

ar[tnp{x_n¤)PYfZPY{@a[7wP,fr[t]PaZKzfdh]\zwKzuz\_aXZKN[tfdn{N`\z{NxzP,fx_n¤)PYfZPY{wa
u)h]spnynpPYX´fdP·vPYy¢arX0adKzPo¦§[wy¢a´adKN[akn{ yh]{@adfd[wXca0adh¶aZKzPXqbOQOQPadfZnyoy,[wXqPwLaZKzPoaZKzfdh]\zwKzuz\_a npX`{zhta
np{[tfdnp[]{waLnaZK­fZPXqu)PYyaLaZhQaZKNPXcadfd[taZP,wb0n{ adKzP]PY{zP,fr[ts¥[]XZbOQO	P,aZfdnpyyY[]XZP]
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hw{NXZnpx_PYf«{Nh [´]PY{zP,fr[ts=XqaZfr[aZPY]b ¦ h]fx_Pynx_n{N-KznyrKy,h]{z{NPYy¢adnhw{onpss2x_PyfdPY[]XZPnadXfr[adPKzPY{
yY[tuN[wynacbonXfdPY[]yrKNPYx¥`JLKNP`x_PYy,fZP[]XZPQnpX

b[¯yhw{NXcar[t{@a
β
[t{vxaZKzP´np{Ny,fZP[]XZP	fr[adP0npX
η


P`Xcadnsps
fdPYXqaZfdny¢a£h]\NfdXZP,sp]PX)aZhadKzPXZbO	OQP,aZfdnpy2yY[]XZP2ht¦ach«yh]{N{zPYyaZnph]{NXY[]{Nx[]XdXZ\zOQP=aZKN[tah]{zP[t{Nxhw{zsb«h]{zP
y,h]{z{NPYy¢adnhw{ox_PYy,fZP[]XZPYXnadX«fr[aZPKzP,{¯adKzPyY[tuN[wynacb`nX(fdPY[wyrKzPYx£kjﬃaTXZ\NyrKo[0OQh]OQP,{@aBy,h]{z{NPYy¢adnhw{
RaZKv[aTaZfr[t{NXZOQn¸arXT[ta[`fr[adPht¦
y
nsps+x_PyfdPY[]XZPnadXfr[adPnaZKuzfdh

[

nspnacb
f(y)
[t{Nxyhw{z{zPy¢aZnph]{
	npspsx_PyfdPY[]XZPn¸arXfr[aZPnaZK¯uNfZh

[

npspn¸acb
1− f(y)   P[]XdXq\NO	PadKN[aadKzPfr[adPuzfZh_y,PYXdXLht¦  h]aZK
y,h]{z{NPYy¢adnhw{NX2nX+np{`[Xqad[adnhw{N[tfdbPYfZwh_x_npyLfdP,wnOQPw+ý{0uN[]fqadnpy,\zs[tf+ﬃP(XZKN[tspsz¦ h_y\vXg[t@[tnp{Qh]{
Y
(1)
n
waZKzP
fr[adPht¦y,h]{z{NPYy¢adnhw{
1
ic\NXqa

P¦ h]fdP[	fd[taZPx_PyfdPY[]XZPThyYy\zfrXY


Æ 2
_
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
P¦ h_y,\NX(hw{®yhw{z{zPy¢aZnph]{IR]°
Yn := Y
(1)
n
nX«[-XqPYOQn7ýmo[tfd]h-uzfdhy,PYXdX, +Ñ¦
adKzPXqad[adP[aaZnpOQP
Tn
nX
Yn = y
adKzP,{
• +Ñ¦=y,h]{z{NPYy¢adnhw{RTnXﬃaZKzPhw{zPTaZh0x_PYy,fZP[]XZP«nadXLfr[adP	 aZKznXh_y,y,\zfrXnaZK­uzfdh  [  npsnacb f(y) ¡gaZKNP,{
PXZKN[]ss¥KN[7wPT[ta
Tn+1
Y
(1)
n+1 = βy + ητn+1, Y
(2)
n+1 = C − y + ητn+1.
ß àá£ß±Ù
 
. .vÁ×ÀZ¿tÁ ,]¼ ,/.

À
	

,Á×¼±½		

½v½ ,ﬀ,Á5¼

½ .
R7~
¹np{NyP-aZKzP Xq\NO h]¦aZKzP fr[aZPXh]¦aZKzP yh]{N{zPYyaZnph]{NX	[aadKN[a	aZnpOQP`nX
C
gP´h  ad[]n{
τn+1 =
y(1− β)/(2η) N[t{vx`adK\NX
Yn+1 = y
(
1 + β
2
)
.
/n{N[]sspb]zaZKzPXZ\zfZ¦§[]yP
S := S(1)
nXwnwP,{  b
S =
1
2
(βYn + Yn+1)τn+1 = y
2 (1 + 3β)(1− β)
8η
.
• +Ñ¦yhw{z{zPy¢aZnph]{QnpX(aZKNPhw{zPadh-x_PyfdPY[]XZPnadX«fd[taZP` aZKznXTh_y,y\NfdX(n¸adK®uzfdh  [  npsnacb 1 − f(y) ¡
aZKzPY{
Y
(1)
n+1 = y + ητn+1, Y
(2)
n+1 = β(C − y) + ητn+1.
¹np{NyP-aZKzP Xq\NO h]¦aZKzP fr[aZPXh]¦aZKzP yh]{N{zPYyaZnph]{NX	[aadKN[a	aZnpOQP`nX
C
gP´h  ad[]n{
τn+1 =
(C − y)(1− β)/(2η) N[]{Nx´adK\NX
Yn+1 = y
1 + β
2
+ C
1− β
2
.

P,^@akﬃPyhwO	uN\_aZP
S
¬
S =
1
2
(Yn + Yn+1)τn+1 =
1− β
8η
(−(3 + β)y2 + 2C(1 + β)y + C2(1− β)).
1ﬃPYsh ﬃPXZKN[tsps«\vXqP
Y
adh9x_PY{zhtadP[Ifd[]{Nx_h]Oﬂ[tfdnp[

spPx_nXcadfZn

\_adPYx snp]P
Yn
[ta XqaZP[]x_b²Xqad[adP]
¹_nOQnpsp[]fZspb´ﬃPXZKN[]ss¥\NXZPTaZKzP{Nhtad[taZnph]{
τ
aZh0x_P,{NhtaZP
τn+1
[akXqaZP[]x_b`Xqad[taZPw
  gÆ
t_
Ê

1ﬃbXZbO	OQP,aZfdbﬃPKN[7]P
IE[Y ] = C/2
][]{Nx0[tsXZhy,sP[tfdsb
IE[f(Y )] = 1/2
 >«Xqnp{z
adKzPuzfdP,nph]\NXﬃP^_uzfdPYXdXZnhw{NX¦ h]f
τ
[t{Nx-aZKNP,{ ad[]@np{zQP^_u)PYyad[adnhw{-ﬃPh

ar[tnp{ [ta(XcadPY[wx_b`Xqad[adP
IE[τ ] = IE
[
Y
1− β
2η
f(Y ) +
(C − Y )(1− β)
2η
(1− f(Y ))
]
= (1− β)IE[Y f(Y )]/η. qRY@¡
JLKNnpXkyY[t{¯[tsXZh

Ph

ad[]n{NPYx­[tsaZPYfZ{N[taZnp]PYsb

b [t{¯\zu ýx_h{­yfdhwXdXqnp{z0[tfd]\NO	PY{@aY¬ +Ñ¦2ﬃPx_P,{zh]aZP

b
Zn
adKzPfd[taZPht¦2yhw{z{zPy¢aZnph]{Rﬃic\NXqa([¦±aZPYf
Tn
_aZKzPY{ aZKzPP,^u)PYyaZPx-x_PyfdPY[wXqPnp{-fr[adP[ta
Tn
nX
IE[Yn − Zn] = (1− β)IE[Y f(Y )].
JLKNP	[7wP,fr[t]Pn{Ny,fZP[]XZPnp{®adKzPQfd[taZP
ηIE[τ ]
XqKzhw\zsxy,h]OQuvPY{NXd[aZP¦ h]fTadKzP0[7]P,fr[twPx_PyfdPY[]XZPnp{aZKzP
fr[adP]¦ fdh]OKNnpyrK Ph

ad[]n{³cRw¡

P^akﬃPTP,^_uzfZPXZXﬃadKzPP^_u)PYyad[adnhw{-h]¦adKzPXq\Nfq¦§[wyP]¬
IE[S] =
1− β
8η
IE
[
(1 + 3β)Y 2f(Y ) + (−(3 + β)Y 2
ááú@%,qé¢é
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+2C(1 + β)Y + C2(1− β))(1− f(Y ))
]
=
1− β
8η
(
− (3 + β)IE[Y 2] + 4(1 + β)IE[Y 2f(Y )]
−2C(1 + β)IE[Y f(Y )] + C2 3 + β
2
)
.
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 P`{zP,Px®adh®yhwOQuz\_aZP
IE[S]/IE[τ ]
  \_a¦ hwfadKN[aﬃP 6NfrXca{NP,PYxadhoyhwO	uN\_aZP`XZP,wP,fr[ts
\N{z{zh{NXY¬
IE[Y f(Y )]

IE[Y 2]
[]{Nx
IE[Y 2f(Y )]
ﬃ+ý{oh]frx_P,fkaZh´h  ad[]n{­adKzP,O­BPXqKN[]ss[tsXqh0{NP,PYx
adhQh  ar[tnp{`adKzP\z{z{zh{
IE[Y 3]

«\zf6NfdXqa£fdP,s[aZnph]{  PacﬃP,P,{adKzP2\z{z{zh{vX¥npX£h  ar[tnp{zPYx  b(fdn¸adn{NLaZKN[ta
IE[(Yn)
2] = IE[(Yn+1)
2]
[]{Nx-\NXqnp{zQh]\NfuzfZPYnhw\NXLP^_uzfdPYXdXqnph]{vX+adh0fZnaZP
Yn+1
np{-adP,fdO0XLht¦
Yn
¬
IE[Y 2] = IE
[(1 + β
2
)2
Y 2f(Y ) +
1
4
(
(1 + β)Y + (1− β)C
)2
(1− f(Y ))
]

htadPadKN[aaZKNPadP,fdO
IE[Y 2f(Y )]
y,[t{vyP,sXTh]\_aKzPYfZPw£[t{Nx®P	h

ar[tnp{[ XqnpOQuzspP	fdP,s[adnhw{

PacﬃP,P,{
adKzP\z{z{zh{vX
IE[Y 2]
[t{Nx
IE[Y f(Y )]

IE[Y 2]
(
1−
(
1 + β
2
)2)
=
C2
8
(1− β)(3 + β)− C
2
(1− β2)IE[Y f(Y )]. cRwR¡
Jh0h

ar[tnp{¯[t{­P^_uzfdPYXdXqnph]{`¦ h]f
IE[Y 2f(Y )]
P\NXZPaZKzP¦§[]y¢aadKN[aT[a(XqaZPY[wx_b`Xqad[taZP
IE[(Yn)
3] =
IE[(Yn+1)
3]
[]{Nx­Xq\

Xcadn¸ad\_aZPhw\zfuzfdP,nph]\NXﬃP^_uzfdPYXdXZnhw{NXaZh0fdn¸adP
Yn+1
np{ aZPYfZO0XLht¦
Yn
¬
IE[Y 3] = IE
[(1 + β
2
)3
Y 3f(Y ) +
1
8
(
(1 + β)Y + (1− β)C
)3
(1− f(Y ))
]
.

htadPadKN[aTaZKzP	adP,fdO
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IE[Y 3]

IE[Y 2]
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IE[Y f(Y )]
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IE[Y 3]
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8
(1 + β)3
)
=
3C
8
(1 + β)2(1− β)IE[Y 2]− 3C
8
(1 + β)2(1− β)IE[Y 2f(Y )]
−3C
2
8
(1 + β)(1− β)2IE[Y f(Y )] + C
3
8
(1− β)2(2 + β).
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
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IE[Y 3] = IE[(C − Y )3]
5Xqnp{Ny,P
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1
2
(
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3
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=
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IE[S2]
IE[τ ]
=
1
8
(3 + 2β + 3β2)
IE[Y 3f(Y )]
IE[Y f(Y )]
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S2 =
1
2
(β2Y 2n + Y
2
n+1)τn+1
n¦aZKzPsphwXdXLnpXLP,^_uvPYfZnpP,{Ny,PYx [aadnOQP
n

b`XZPYXdXZnhw{Rwz[t{Nx
S2 =
1
2
(Y 2n + Y
2
n+1)τn+1
h]aZKzPYfZnXZP]'>(XZn{NadKzPuzfdP,nph]\NXﬃfdPYXZ\zs¸arXLPKN[7wP
IE[S2] =
1 − β
4η
IE
[(
β2Y 2 + Y 2
(
1 + β
2
)2)
Y f(Y ) +
(
Y 2 +
1
4
(Y (1 + β) + C(1 − β))2
)
(C − Y )(1 − f(Y ))
]
=
1 − β
16η
(
2(3 + 2β + 3β2)IE[Y 3f(Y )] − (5 + 2β + β2)IE[Y 3] + C(3 + 2β + 3β2)IE[Y 2]
−C(3 + 2β + 3β2)IE[Y 2f(Y )] − C2(1 + 2β − 3β2)IE[Y f(Y )] + C3(1 − β2)
)
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IE[Y f(Y )]
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IE[Y 3f(Y )]
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IE[S2] =
1
8η
(1− β)(3 + 2β + 3β2)IE[Y 3f(Y )].
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¹np{Ny,P
f(Y ) =
1/2
]PKN[7wP
IE[Y jf(Y )] = IE[Y j ]/2 ∀j /NfZhwO   @\N[taZnph]{¯cRwR¡¢wPwPa IE[Y 2] = 2C2/7 JLKzPY{£
¦ fdh]O cRw¡¢
IE[Y 3] = 5C3/28
sP[]x_np{z	aZh	aZKNPfZPXq\zsaY
+Ñ¦2ﬃPTsphh]`[taaZKzPXdyrKzPYO	PKzPYfZPTadKzPsphwXdXLnpXLP,^u)P,fdnpP,{Ny,PYx-aZh	aZKNPsp[]fZwPYXqa·vh np{ nadXkuvPYfZnph_x_npy

P,Kv[7@nph]\NfY¥ﬃP	yY[t{³x_npfZPy¢aZspb¯]P,a
IE[S2]
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PacﬃP,PY{-sphwXdXLP,u)h_yrKNX
Tn
[]{Nx
Tn+2

b
2IE[S2] =
∫ 2C/7
0
(x + 2C/7)2dx =
8
147
C3.
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IE[τ ] = C/7
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wPaLaZKzPfdPYXZ\zsaY
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IE[Y ] = C/2

IE[Y 2] = 7C2/26

IE[Y 3] = 2C3/13

IE[Y 4] = 679C4/7358
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IE[Y F (Y )] = 63C/416
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IE[Y 4n+1] = IE[Y
4
n ] = IE[Y
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1
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+cXadKzP,fdP´[t{bouNfZh
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